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This paper is devoted to the proof that the (ABC) conjecture implies many inter-
esting conjectures about the equations A X'+ BY m + C = 0, A xt +BY m + CZ" = 0, 
ym =X"+ D as well as about powerful numbers. 1) 2000 Academic Press 
1. INTRODUCTION 
Candies have little nourishing value, but leave a pleasant aftertaste. 
ABC candies are propositions establishing pleasant consequences of the 
ABC conjecture. 
The (ABC) conjecture of Masser and Oesterle is commonly stated as 
follows: 
For every c>O there exists K>O (depending on c) such that if A,B, C 
are non-zero coprime integers such that A + B + C = 0, then 
max{IAI, IBI, ICI} ~Kr1 +e 
where r is the radical of ABC, that is, r is the product of the distinct primes 
dividing IABCI. 
We shall indicate consequences of the assumption that the (ABC)-con-
jecture is true. The first consequence concerns the family of equations 
AX~"+BYm+C=O. 
where A, B, C are given non-zero coprime integers and the exponents 
belong to the set of pairs ( t, m) such that ~ + ~ < 1. 
In the following section, we consider the family of equations 
A Xt + B ym + czn = 0, where A, B, C are given non-zero coprime integers 
and the exponents belong to the set of triples (t, m, n) such that 
~+~+~<1. 
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In Section 4 we deal with Hall's conjecture about the equations 
Y 3 = X 2 + D and also with similar conjectures about the equations 
ym = xn + D where ~ + ~ < 1. 
The final section is devoted to statements concerning powerful numbers. 
2. THE EQUATIONS AXt + BYm + C = 0 
We consider in this section the family of equations 
(2.1) 
where A, B, C are given non-zero coprime integers, and the exponents 
belong to the set of pairs ( t, m ), t, m ~ 2, with ~ + ~ < 1. 
We begin with some preliminary lemmas. 
Let R={(t,m)EIJ;£2 If,m~2 and ~+~<1} ={(t,m)EN 2 II,m~2 
and tm>t+m}. 
Let R 1 = { ( t, m) E N 2 I t ~ 3 }, R 2 = { ( t, 2) I t ~ 3} . 
Let 6 2 denote the set of permutations on 2 letters. Then 6 2 has just 2 
elements. 
If nE62 and (a 1,a2 )EN 2 let n(a 1,a2 )=(an(!),an(2 )). If Ac;;N 2 , let 
n(A)={n(a 1 ,a2 ) I (a 1,a2 )EA}. 
It is immediate that 
2 
R= U U n(RJ 
Let t 1 =3, t 2 =6. 
(2.1 ). For each i= 1, 2, if (t, m) E UnEGz n(R;) then 
tm ti+ 1 
-->--. 
t+m ti 
(2.2). For each i = 1, 2 and each n E 6 2 , there exist k, a, b, c > 0 (depend-
ing only on i, n) such that if(t, m)En(R;) then 
e=m- -+ 1 --~--~~k>O. (
m ) ti+ I am-h 
t ti c 
Proof If t ~ m ~ 3 then e ~ m - ('~ + 1 ) ·1 = sm 9 12 ~ ~. 
The proof is similar in all the other cases. I 
We give now the main result of this section. 
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Let A, B, C be non-zero coprime integers, let U be the set of all 4-tuples 
0= (t, m, x, y) where: 
( 1) X, y # 0, ± J. 
(2) !,m~2,~+~<1. 
(3) Ax~'+ Bym + C= 0. 
(2.3). If the (ABC)-conjecture is true, then U is a finite set. 
Prooj: If U is infinite, there exists i (I ~ i ~ 2 ), n E 5 2 and an infinite 
subset U 1 of U such that if0=(t,m,x,y)EU1 then (t,m)En(R;). For 
every OE U1 let M0 =max{IAx~'l, IByml}. Then there exists an infinite sub-
set u2 of u1 such that, say, if BE Uz then Mo= IByml. From IAx~'l ~ IBxml, 
it follows that lxl ~ IB/Ail/t' IYim/t' ~max{ 1, IB/AI} IYim/t'. For each BE U2 
let 
We now apply the (ABC)-conjecture. Let c = 1/t; (defined before (2.1) ), 
then there exists K = Ke > 0 such that for each 0 E U2 we have 
1Byml/d 1 +e ~ IBym/dl ~ Kr 1 +e, where r = rad( IAx~'l/d · IBym/d ·I Cl/d) ~ 
IABCI/d·lxyl ~ IABCI/dmax{ 1, IB/AI} IYII+m/t'. Let K' =K/IBI· (IABCI· 
max {1, I B /A I } ) I+ "so K' depends only on c, A, B, C. Then 
I y I m ~ K' · I y I ( I+ 'T) (I + "l 
hence 
IYim-((m+t')/t')((t;+ 1))/t;) ~ K', 
which holds for each e E U 2 . We apply ( 2.2 ), hence 
am-h am-b 
2-c-~ IYI-c-~K' 
and IYik~K'; this implies that m and IYI remain bounded, when OE U2 • 
Since U2 is infinite, there exists m0 , y 0 and an infinite subset U3 of U2 
such that if{) E u3 then (} = (x, Yo,{, mo). Let s = { ( lxl, t) I e E U3} so sis 
an infinite set and for all 0 E u3 we have Ax~'= - s;,o- c. Let 
S' = { lxl I( lxl, t) E S} and S" = { t I ( lxl, t) E S}. So either S' or S" is an 
infinite set. If S' is infinite, then S contains an infinite subset 
{(lx;l,t;)li=l,2, ... } with lx 1 l<lx2 1< ... , hence {1 >{2 > ... which is 
impossible. If S" is infinite, then S contains an infinite subset 
{(lx;l,/;)li=l,2, ... } with {1 <{2< ... hence lx 1l>lx2 1> ... which IS 
again impossible. This concludes the proof of the proposition. I 
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We conclude the section with some remarks. As it is known the 
generalized Pel! equation A X 2 + B Y 2 + C = 0 has, in many cases, infinitely 
many solutions. So the condition on the exponents {t, m) imposed in (2.3) 
is the best possible. For given A, B, C =F 0 and given t, m;? 2 such that 
~ +;; < l, Siegel proved, with methods of diophantine approximation, that 
each equation AXe+ Bym + C = 0 has only finitely many solutions in 
integers (x, y). 
The above results apply in particular to differences of powers and this 
includes Catalan's problem. Tijdeman's celebrated theorem asserts that 
there exists an effectively computable constant C > 0 such that if x, y, m, n 
are integers, with x,y=FO,m,n;?2 and if xm-yn=l then lxi,IYI, 
m, n< C. 
Let m, n ;? 2 be given and let z 1 < z 2 < · · · be the sequence of all positive 
integers which are a mth power or a nth power. According to Siegel's 
theorem, limh oo(zi+ 1- zJ = 00. 
Let w1 < w2 < · · · be the sequence of all positive integers which are 
powers with arbitrary exponent (greater than I). Landau conjectured that 
limi~oo(wi+I-wJ=oo. From our result (2.3) we deduce that if the 
(ABC)-conjecture is true, so is Landau's conjecture. We conclude the 
section quoting known results (see Ribenboim [ 10] ). Pillai proved: 
Let A, B, C be non-zero coprime integers, let a, h;? 2. Then there exist 
only finitely many integers t, m;? 0 such that Aat- Bbm = C. 
LeVeque showed that for given a, b;? 2 there exists at most one pair of 
positive integers (I, m) such that at'- bm = l, except when (a, h)= ( 3, 2) for 
which (t, m) = (1, 1) or (2, 3). 
Let A, B, C be non-zero coprime integers, such that A ± B ± C =F 0 and 
consider the equations 
AXn + BYn = czn (3.1) 
where n;? 2. 
It is well-known and easy to show assuming the (ABC)-conjecture, that 
for all sufficiently large n, the equation ( 3.1) has only trivial solutions 
(x, y, z), with xyz=O (see for example Granville [6]). 
Now Jet again A, B, C be given non-zero coprime integers, Jet 
t, m, n, ;? 2 be given and consider the equation 
A xt + B ym + czn = 0. (3.2) 
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Darmon and Granville showed ( [ 3]) that if ~ + ~ + ~ < 1 then ( 3.2) has 
at most finitely many solutions in non-zero coprime integers (x, y, z). 
The proof requires Faltings' theorem (which established the truth of 
Mordell's conjecture). 
Here we shall consider the family of all equations (3.2) for all integers 
t, m, n ?; 2 with ~ + ~ + ~ < 1. 
In order to prove the main theorem, we need some preliminary con-
siderations. Let 
Let 
R={(t,m,n)EN 3 It,m,n?;2 and 
1 1 1 
-+-+-<I} t m n 
={(t,m,n)EN 3 It,m,n?;2 and 
tmn > tm +tn +mn}. 
R 1 = { t, m, n) E R It?; m?; n?; 4}, 
R2 ={(t,3,2)1t?;7}, 
R3 = { ( t, 4, 2) It?; 5}' 
R4 = { ( t, m, 2) I t?; m?; 5}, 
R 5 = {(t, 3, 3) lt?;4}, 
R6 = { ( t, m, 3) I t ?; m ?; 4}. 
Let 6 3 denote the symmetric group on 3 letters. If (a 1 , a2 , a 3 ) E N3, and 
n E 6 3, let 
6 
R= U U n(RJ 
The verification is left to the reader. 
Let 
l= tmn 
· tm+tn+mn 
Let t 1 = 4, t2 = 42, t 3 = 20, t4 = 10, t5 = 12, t 6 = 6. 
(3.3) 
(3.4) 
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(3.1 ). For each i (1 ~ i ~ 6), zf (t, m, n) E U,E 63 n(R;) then f > '';, 1 . 
Proof We first observe that the functionf(x, y, z) = xyzj(xy + xz + yz) 
(for x, y, z ~ 1) has partial derivatives ~ = ((xy/;z+xz) 2 > 0 and similarly 
~>0, fz>O. For (t,m,n)EU,E 63 n(R 1) we havef~~=1>~. 
The proof is the same for all (t, m, n) E R, (t, m, n) </= U,E 63 n(R 1 ). I 
(3.2). For every i = 1, 2, ... , 6 and n E 6 3 there exist posztzve integers 
a, b, c and k (depending on n, i) such that if ( t, m, n) En( R;) then 
e=n- -+-+ 1 ~~~--~k>O. (
n n ) t 1 + 1 an - b 
t m t 1 c 
Proof (l) Let (t,m,n)En(R 1 ) so e~n-(~+~+1)·~= 3n8JO~~. 
(2) If (t,m,n)En(R 2 ), there are 3 possibilities. If n=2 then 
e ~ 2J X 422~ ~ 4241 X 43 = 21 ~ 42 • 
If n = 3 then e ~ 14x42Jt~4241 x43 14~42· 
If n ~ 7 then e ~ 37n6~~~ 43 ~ ~· 
( 3) Let ( t, m, n) En( R 3 ). There are again 3 possibilities. If n = 2 then 
e :>- 202x2-38 x21 _I_ 
/"' 202 - !Ox20" 
If n = 4 then e ~ JO x 201 ~! 2o38 x 21 = s ; 20. 
If n ~ 5 then e ~ l~nx2g4 ~flo. 
(4) If (t,m,n)En(R4 ) there are 2 possibilities. If n=2 then 
e~sox;0-99=io. 
If n ~ 5 then e ~ 23nJoouo ~fa· 
(5) Let (t,m,n)En(R5 ). There are 2 possibilities. If n=3 then 
e ~ 48 x 3 
48
u x 13 = ts. 
If n ~ 4 then e ~ 10n3639 ~ ~· 
( 6) Let ( t, m, n) En( R 6 ). There are 2 possibilities. 
If n = 3 then e ~ 24 x :i4- 70 = fl. 
If n ~ 4 then e ~ 23n72 84 ~ ~. I 
We shall now establish the main result. Let A, B, C be given non-zero 
coprime integers. Let U be the set of all 0 = (t, m, n, x, y, z) such that: 
( 1) x, y, z =I= 0, ± 1 and x, y, z are coprime, 
(2) t,m,n~2 and ~+~+~<1, 
(3) Axt' +Bym+Czn=O. 
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We note that if 0 E U then Axt, Bym, Czn are non-zero coprime integers. 
The main result is the following: 
(3.3). The conjecture (ABC) implies that U is finite. 
Proof: We assume the contrary. Then there exist i, 1 ~ i ~ 6, n E 6 3 and 
an infinite subset U1 of U such that if 0=(t,m,n,x,y,z)EU1 , then 
(l,rn,n)En(RJ. If 0EU1 let M 11 =max{IAxtl, IByml, ICznl}. Then there 
exists an infinite subset U2 of U1 such that if OE U2 , then say M 0 = ICznl. 
From IAxtl ~ ICznl it follows that lxl ~ IC/AIWizln/t~max{1, IC/AI} · 
lzn!cl. Similarly IYI ~max{!, IC/BI} ·lzn/ml. 
Let r: = l/t;, then by the (ABC)-conjecture, there exists K = Ke > 0 such that 
if 0EU2 then ICzni~K(r;+l)/t; where r=rad(IAxt·Bym.czni)~IABCI· 
lxyzl ~D-Izn!t'+n/m+!l where D= IABCI max{1, IC/AI} max{1, IC/BI}. So 
lznl ~K1 ·lznlt'+n/m+!l(';+!)/t, where K1 =Kx 1/ICI X D(t;+!)!r, (K1 depends 
only on t;, A, B, C). 
By (3.2), n-(?+;';;+l)''~ 1 ?an;:-b?k>O. Thus lzl remains bounded 
when 0 E U2 . Also there exists a, b, c > 0 such that for all 0 E U2 we have 
n _ (" + fl_ + 1) tci > an-b > o hence 2(an-b)/c < lzln-<n!t +n/m+ t)(r,-t);r, < K I m li :::;.---- c -.........:::: -......:::: 1 
and therefore n remains bounded when 0 E U2 . Since U2 is infinite, there 
exists n0 ? 2, z 0 =I= 0, ± 1 and an infinite subset U 3 of U2 such that if 0 E U3 
then 0= (f, m, n0 , x, y, z0 ). Let U~ = { 0' = (t, m, x, y) I {t, m, n0 , x, y, z0 ) E U3}. 
So U~ is an infinite set and Axt + Bym + Cz~0 = 0 for all 0' E U~. Since 
A, B, Cz~0 are non-zero coprime integers, this contradicts (2.3) and com-
pletes the proof of the proposition. I 
We observe that for given t, m, n? 2 with ~+~+~<I, we obtain the 
result of Darmon and Granville already mentioned, which was proved 
without the assumption that the (ABC)-conjecture is true. We obtain also 
the following corollary: 
( 3.4 ). Let A, B, C be given non-zero coprime integers, let x, y, z =I= 0, ±I 
he given coprime integers. The (ABC)-conjecture implies that there exist only 
finitely many triples of natural numbers ( t, m, n) with ~ + ~ + ~ < 1 such that 
Ax" + Bym + Czn = 0. 
The special case of the equation 
xt + ym=zn (3.5) 
has been the object of several papers and explicit solutions have been 
searched with the help of computers. The results are reported by Kraus in 
his excellent survey article [ 9]. 
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The only known solutions of (3.5) are 
1(+23=32, 
73+13 2=29 , 
35 + 11 4 = 1222, 
25 + 72 = 34, 
27 +173=71 2, 
177 + 76271 3 = 21063928 2, 
14143 + 22134592 = 65 7, 
92623 + 153122832 = 113 7, 
(see Beukers [ I ] ). 
43 8 + 962223 = 300429072, 
33 8 + 15490342 = 156133 
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As a sample of results proved without appeal to the (ABC)-conjecture, 
we mention that the following equations have only trivial solutions. 
(a) xn + yn = Z 2 (for n ~ 4) and xn + yn = Z 3 (for n ~ 3 ), the latter 
under the assumption of the Shimura and Taniyama conjecture (see 
Darmon and Merel [ 4] ). 
(b) X3 + Y 3 = zr where p is an odd prime, p < 104 (see Kraus [ 8] ). 
4. VARIATIONS OF HALL'S CONJECTURE 
We state Hall's conjecture: For every c > 0 there exists K = Ke > 0 such 
that if x, y > 0, D =1= 0 and 
( 4.1) 
then y < K1D1 2 +". 
It is well-known (and easy to show) that the (ABC)-conjecture implies 
Hall's conjecture (see (4.1 )). 
Here we shall consider similar conjectures-with other exponents. 
Hall-like (m, n )-Conjecture 
Given m, n ~ 2, with~+*< 1, for each u ~ 6 there exists K> 0 (depend-
ing on u, m, n) such that if x, y > 0, D =I= 0 and ym = xn + D then y < KDt 
where 
nu+n 
t= . (mn-m-n) u-(m+n) ( 4.2) 
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Thus, given c > 0 and choosing u sufficiently large, then 
n 
t< +c. 
mn-m-n 
In particular, when ( m, n) = ( 3, 2) then t = 2 + u ~ 5 , so we obtain the 
conjecture of Hall. 
( 4.1 ). If the (ABC)-conjecture is true then j(Jr all m, n ~ 2, with 
~ + ~ < 1, the Hall-like (m, n )-conjecture is true. 
Proof First we deal with relation ( 4.1 ) where D > 0. Given u ~ 6, 
by the (ABC)-conjecture there exists K 1 >0 (depending on u) such that if 
ym = xn + D, with X, y, D > 0, and if d = gcd(xn, ym, D), then di!:'l)/u ~ 
Y; < K1 r<u+ IJ/u, where r = rad( y;_ · '<fi ·IJ) ~ y:D ~ y 1 +m/n IJ, since D > 0 so 
Yrn>xn Thus ___l""__<K y<l+rn/n)·(u+l)/u(Q)(u+l)/u hence · d(u+ 1)/u I d 
ym- [lm+nJ/nJ· <u+ IJ/u < K
1 
Diu+ IJ/u. 
Since u ~ 6, m, n, ~ 2, max{ m, n} ~ 3 then u ~ 6 > mn1111;,"+nJ so 
m- lJ:l;n. u~ 1 > 0. Therefore y < K 2 D', where K2 depends on u, m, n and 
t=(mn-m~~~:-(m+n)· For the relations ym=xn+D with x,y>O,D<O, 
we interchange the roles of x, y of m, n and obtain x ~ K~ IDI r' where 
t' = (mn-mlfl~~um-(m+n)• From y ~ xnlm it follows that y < K~ IDI', where K~ 
depends on u, m, n. I 
Now let k ~ 1 and let U(k) be the set of all 0 = (m, n, x, y, D) where 
( 1) m, n ~ 2, ~ + ~ < 1, 
( 2) X, y > 2, D =f. 0, 
(3) x ~ IDI 11k and 6mn-/).7+n) > k where M =max{ m, n} 
(4) ym=xn+D. 
Let U +(k) = { OE V(k) I D >0} and U _(k) = {BE U(k) I D<O}, so V(k) = 
v +(k) u v _(k). 
(4.2). !{the (ABC)-conjecture is true then/or each k ~ 1 the set U(k) is 
finite. 
Proof We first prove that U + ( k) is finite. 
The proof that U _ ( k) is finite will be similar. 
For each ()E U + (k) let d = gcd(ym, xn, D). Let u ~ 6. By the (ABC)-
conjecture there exists K> 0 depending only on u, such that if 0 E V +(k) 
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then, ymjd(u+ 1)/u < Kr(u+ 1)/u where r = rad( r; · ~ · ~) ~ yx ~ ~ i +m/n ~- So 
Ym < Ky(l + m/n). (u+ 1 )/u D(u + 1)/u hence Ym(1- [(m + n)/mn]. (u + 1)/u) < K. D(u+ 1)/u. 
We note that m:,n < u~ 1 since u:? 6. On the other hand, ym = xn + D > Dnlk. 
Hence D(n/k)(1- [(m + n)/mn]. (u + 1 )/u) < KD(u+ 1)/u. But 
6mn-7(m+n) 7 u+l 
= >-;?--. 
6mk 6 u 
This means that D remains bounded when fJE U +(k). 
If U +(k) is an infinite set, there exists D 0 > 0 such that the set V of aJI 
(m, n, x, y) with (m, n, x, y, D0 ) E U +(k), ~ + ~ < 1, y > 0, is an infinite set. 
But this contradicts (2.3) and concludes the proof for the case where D > 0. 
Now Jet D < 0, then xn = ym + IDI. By the above argument, interchang-
ing xn, ym, we have 
xn(l- [(m + 1)/mn]. (u+ 1)/u) < K' I Dl (u + 1 )/u. 
From xn > IDin/k then IDI(n/k)(l-[(m+n)/mn] ·(u+ 1)/u) < K' IDI(u+ 1)/u and we 
conclude as in the preceding case. I 
We indicate a corollary. For each k;? 1, let Ek be the set of aJI pairs 
(m, n) such that 6mn -7(m + n) > 7Mk, where M =max{ m, n}. Thus if 
(m, n) E Ek then m, n;? 3. 
For example, ifk = 1 we obtain E 1 = { (m, 3) I m;? 6} u {(m, 4) I m :?4} u 
{ ( m, 5) I m ;? 4} u { ( m, n) I m ;? 3, n ;? 6} . Given c ;? 1, k ;? 1, let V k, c be the 
set of all 4-tuples (m, n, x, y) such that x, y > 1, xk =I= c, c < 2xk, (m, n) E Ek 
and ym = xn + xk- c. 
( 4.3 ). If the ( ABC)-conjecture is true, for each k;? 1, c;? 1, the set Vk, c 
is finite. 
Proof The mapping (m, n, x, y) f---+ (m, n, x, y, D) with D = xk- c IS 
injective, from vk,c into U(k). By (4.2), vk,c is a finite set. I 
Here is a particular case, taking k = 1, c = 1: There are only finitely many 
integers x > 0 such that for some n ;? 3, xn + x- 1 is a power with exponent 
m ;?6. 
In this respect, we remark that according to the theorem of Schinzel and 
Tijdeman [ 12] for every fixed n ;? 3, there exist only finitely many integers 
x such that xn + x- 1 is a power with exponent m ;? 2. 
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5. STATEMENTS CONCERNING POWERFUL NUMBERS 
A natural number n is said to be s-powerful (where s ~ 2) whenever if a 
prime p divides n then ps also divides n. A 2-powerful number is simply 
called a powerful number; it may be written in the form n = a2b3 . 
The first statement will concern differences between 3-powerful numbers 
and powerful numbers. 
Let R ~ 1 be a square-free integer, let d, t ~ I and let v+ = Vii_ d,, denote 
the set of all 3-powerful numbers k such that there exists c, 1 ,:; c < t, with 
gcd(k,c)ld,rad(c)IR and k+c is powerful. Similarly, let v-=Vi.d denote the set of all 3-powerful numbers k such that there exists c, 1 "( c < k 
with gcd( k, c) I d, rad( c) I R and k - c is powerful. 
(5.1). If the (ABC)-conjecture is true, then the sets v+, v- arefinite. 
Proof Assume that k ± c = a2h3 with e = gcd(k, c, a2b3 ), so e I d. By the (ABC)-conjecture, for each e < ~ there exists K = KF. > 0 such that 
k 
-<Kr1+e 
e 
where r = rad(& · <: • a2b 3 ) <: k 113 . R ab 
If k E v+ th~n ea 2b3 '(k + t so ab.,:; ab 312 "( (k + t) 112 < 2tk112 . 
If k E V- then a 2b 3 = k- c < k, so ah "( ab312 < k 112. So in both cases 
r,:; R . 2t . k 516 and therefore 
k < Kd(2tR) 1 +e k(S/6)( 1 +e) 
so 
k1/6-(5/6)c < Kd(2tR)1 +e. 
Since e < ~ then k is bounded, concluding the proof. I 
We note the following particular case. 
(5.2). If the conjecture (ABC) is true, for any square~lree integer R > 0 
and d ~ 1, there exist only finitely many powers an, with n ~ 3, such that 
an± c is powerful, for some c, 1 "( c <an, gcd( c, a) I d and rad( c) I R. 
The above result does not hold for squares. Indeed, let p be an odd 
prime, let a E { (p -1)/2, (p 2 -1 )/2, (p 3 - 1)/2, ... }, R = p and d= l. Then (a+ 1 )2 - (2a + 1) = a2 and a2 + (2a + 1) =(a+ 1 )2• 
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In particular, there are only finitely many powers an (with n ~ 3) such 
that an+ 1 or an- I is powerful. The only known examples are 23 + I = 32 
and 23 3 + 1 = 23 x 32 x 132 • 
The next results are about triples of powerful numbers. Let W R, d denote 
the set of all k ~ 1, such that there exists c, 1 ~c < k, with gcd(k, c) I d, 
rad( c) I R and k- c, k, k + c are powerful. 
( 5. 3 ). If the (A BC)-conjecture is true then the set W R, d is finite. 
Proof Let k E W R d, so there exists c as indicated. Then k 2 - c2 is 
powerful and we m~y write P- c2 = a2b 3. Let e = gcd(P, c2 , a2b3 ), so 
e I d 2. Let E < ~. so by the (ABC)-conjecture there exists K = K" > 0 such 
that 1£ < Kr 1 +c where r = rad( 1£. !2. a2b3) ~ K 112 R ah since k is powerful 
But ~b ~ ab312 ·~ k hence r ~ k312 R. Then k 2 < K;/ 2 R1 +ek( 3/2 J( 1 +cl and 
k 112 - (3/2 le < Kd 2 R1 +e. Since E <~then k remains bounded and therefore the 
set W R, d is finite. I 
In particular, taking R = 1, d = 1 we obtain 
( 5.4 ). There exist at most finitely many triples of consecutive polt'erful 
nurnhers. 
In this connection, we recall: 
(a) Conjecture of Erdos: there do not exist three consecutive power-
ful numbers. 
(b) Theorem of Granville [ 5]: if there are only finitely many triples 
of consecutive powerful numbers, then for each integer a > 1 there exist 
infinitely many primes p such that ar-l =!-I (mod p 2 ). So combining (5.4) 
with this result of Granville we deduce the fact shown by Silverman [ 13]: 
The (ABC)-conjecture implies that for every a> I there exist infinitely many 
primes p such that ar- 1 =!- 1 (mod p 2 ). 
More results about powerful numbers, which follow from the (ABC)-
conjecture may be found in the paper by Ribenboim and Walsh [II]. 
REFERENCES 
I. F. Beukers, The diophantine equation AxP + Bvq = C::', Duke Math. J. 91 ( 1998), 61-88. 
2. H. Darmon, The equation x 4 - y 4 = ::P, C. R. Math. Rep. A cad. Sci. Canada 15 ( 1993 ), 
286-290. 
3. H. Darmon and A. Granville, On the equations zm = F(x, y) and AxP + Byq = C::'. Bull. 
London Mat h. Soc. 27 ( 1995 ), 513-544. 
4. H. Darmon and L. Merel, Winding quotients and some variants of Fermat's last theorem, 
J. reine angew. Math. 490 (1997), 81-100. 
60 PAULO RIBENBOIM 
5. A. Granville, Powerful numbers and Fermat's last theorem, C. R. Math. Rep. Acad. Sci. 
Canada 8 (1986), 215-218. 
6. A. Granville, On the number of solutions to the generalized Fermat equation, Can. Math. 
Soc. Conj'erence Proc. 15 ( 1995 ), 197 207. 
7. A. Granville, Some conjectures related to Fermat's last theorem, in "Number Theory" 
( R. A. Mallin, Ed.), pp. 177-192, de Gruyter, Berlin, 1990. 
8. A. Kraus, Sur !'equation a3 +h3 =cP, Experiment Math. 7, No. I (1998), 1-13. 
9. A. Kraus, On the equation xP + yq = z', a survey, Ramanujan J., to appear. 
I 0. P. Ribenboim, "Catalan's Conjecture," Academic Press, Boston, 1994. 
II. P. Ribenboim and P. G. Walsch, The ABC-conjecture and the powerful part of terms in 
binary recurring sequences, J. Numher Theory 74 ( 1999 ), 134-147. 
12. A. Schinzel and R. Tijdeman, On the equation ym = f(x), Acta Arith. 31 ( 1976 ), 199-204. 
13. J. H. Silverman, Wieferich's criterion and the abc-conjecture, J. Number Theory 30 ( 1988 ), 
226-237. 
